We construct one-loop renormalization group (RG) invariant observables within flavor-blind minimal supersymmetric model (MSSM). The RG invariants turn out to be useful tools for sparticle spectroscopy in that they make otherwise-indirect relations among the model parameters manifest, they enable internal consistency checks of the model parameters via certain sum rules, and they directly probe the mechanism that breaks the supersymmetry. As a case study, we discuss the MSSM fine-tuning problem when the RG invariant formed by the gaugino, triscalar and Higgs bilinear soft masses vanish, and find that the sensitivity of the Z boson mass to parameters at deep ultraviolet is greatly reduced at large tan β. This method, supported by no symmetry principle at all, cannot offer a solution to the fine-tuning problem but it might be useful for constructing phenomenologically viable models.
The supersymmetrization of the standard model of strong and electroweak interactions, the MSSM, provides an elegant solution to the gauge hierarchy problem in a genuinely perturbative way for all scales right up to the Planckian territory. However, supersymmetry is a blatantly broken symmetry of Nature as evidenced by the absence of superpartners mass-degenerate with known particles. Nevertheless, this breaking does not need to regenerate the hierarchy problem as long as it operates softly i.e. via dimension two and three operators in the lagrangian. The perturbative nature of the model allows one to relate measurements at the electroweak scale to physics at ultra high energies. This very hand-shaking of the infrared (IR) and ultraviolet (UV) regimes proceeds with the renormalization group (RG) flow of the lagrangian parameters. Indeed, various phenomena central to supersymmetry phenomenology i.e. gauge coupling unification [1] , radiative electroweak breaking [2] , and induction of flavor mixings [3] even for flavor-blind soft terms are pure renormalization effects. In fact, supression of the flavor-changing neutral currents as well as the absence of permanent electric dipole moments already imply that the soft-breaking masses cannot be all independent and arbitrarily distributed; they must be correlated by some organizing principle operating at the unification scale or above.
The projection of the experimental data to ultra high energies requires solving the RGEs for all model parameters. This direct procedure, however, is disrupted by the coupled nature of the RG flows of the parameters unless the experiment is full. Besides, it would be profitable to predict certain parameters from a few measured ones with lasting consistency checks of the model as data accumulate. These disrupting aspects can be avoided by constructing RG-invariant observables at least at a given loop order. Indeed, such quantities prove highly useful not only for projecting the experimental data to high energies but also for deriving certain sum rules which enable fast consistency checks of the model. However, it should be kept in mind that, even the RG-invariant observables cannot be guaranteed to work perfectly because (i) the RG invariance holds at a given loop order and it is generically disrupted by higher loop effects 1 , and (ii) the RGEs get modified at sparticle thresholds so that what equations must be used is not known a priori. The former is pronounced if the higher loop beta functions are large, and the latter becomes sizeable if the sparticle masses are significantly splitted. In what follows, for definiteness and simplicity, we will construct a set of RG-invariant observables for the MSSM (i) by using only the one-loop RGEs [7] , and (ii) by neglecting the flavor structures of the Yukawa couplings and soft masses altogether 2 . Our analysis is valid for energy scales above the heaviest superpartner mass, and the invariants we construct get disrupted by two-loop effects and non-trivial flavor mixings. We will briefly mention such disturbing effects.
Construction of RG invariants is not new; there has already been some attempts at 1 In general, scale and conformal invariances imply each other [4] , and superconformal group involves both scale invariance and a continuous R symmetry with correlated charges [5] . Therefore, in softly broken supersymmetric theories, where the R invariance is explicitly broken, the RG invariance, if any, cannot be an all-order effect.
2 Indeed, once the flavor mixings are switched on several one-loop RG invariants get automatically disrupted. We will therefore restrict our discussions to flavor-blind MSSM, and just note the possible connection between RG invariance and flavor violation since an approximately scale-invariant sector [4] imposes significant restrictions on the flavor structures of the soft masses [6] .
forming RG-invariant combinations of the lagrangian parameters [8, 9, 10] . In particular, [8] deals with the derivations of the RGEs of the soft masses using spurion method and then constructs certain RG-invariants of the soft masses from those of the rigid parameters. We will provide a general coverage of the RG invariants, and part of our results will reduce to those of [8] under appropriate assumptions.
Discarding all entries of the Yukawa matrices but the ones belonging to the heaviest fermions, the MSSM superpotential reduces to
where
L with similar expressions for the leptonic part. The supersymmetry breaking is parameterized by the soft-breaking operators
where the µ parameter, the Higgs bilinear coupling B, the gaugino masses M 1,2,3 , and the triscalar couplings A t,b,τ are all complex parameters, and thus they are the sources of CP violation atop the single phase in the CKM matrix. The parameters of the lagrangian (2) are defined at a specific mass scale Q which can physically range from the electroweak scale Q = M Z (the IR end) up to some high energy scale Q = Q 0 (the UV end). For determining the scale dependencies of the parameters the RGEs are to be solved with boundary conditions specified either at IR or UV. In what follows we will write them in terms of the dimensionless variable t ≡ (4π) −2 ln(Q/Q 0 ), and solve for the parameters in terms of their UV scale values by taking into account the fact that the gauge and Yukawa (at a given tan β) couplings are already known at the IR 3 . It is clear that the UV scale Q 0 does not need to be as high as Planck or some other ultra high scale; all that is needed is the supersymmetric nature of the RG flow between IR and UV scales. Concerning this point, imagine a linear collider, say CLIC, which measures the soft masses at two logarithmically distinct scales, e.g. at Q = 0.5 TeV and Q = 4 TeV, then the 3 Even for the largest separation of the UV and IR scales i.e. Q 0 = M P l and Q = M Z the maximal value |t| max of the scale variable numerically equals sin 2 θ W , which is small enough to admit a series expansion in powers of t for each parameter. Therefore one can integrate the RGEs analytically, albeit approximately, to determine the implications of experimental data on the UV parameter space without resorting to numerical techniques. For instance, the top quark Yukawa coupling can be expanded as RG invariants provide a direct, accurate way of testing the internal consistency of the model and determining the mechanism which breaks the supersymmetry.
Consider first the rigid parameters of the theory. The RGEs for gauge and Yukawa couplings form a coupled set of first order differential equations, and one can solve them at any scale and at any loop order without resorting to other model parameters. However, expanding this set of equations by including the RGE of the µ parameter one finds that
is a one-loop RG-invariant (as was also mentioned in [8] ). Here the powers of the Yukawa and gauge couplings follow from group-theoretic factors appearing in their RGEs. This invariant provides an explicit solution for the µ parameter
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once the scale dependencies of gauge and Yukawa couplings are known either via direct integration or via approximate solutions like the ones in Footnote 3. The RGE of the µ parameter involves only the Yukawa couplings, g 2 and g 1 though this explicit solution bears an explicit dependence on g 3 . This follows from the RGEs of the Yukawa couplings. Actually, the power of the RG invariant I 1 lies not in gathering the rigid parameters together but in making dependencies on all parameters manifest. It is because of this that, µ(t) explicitly depends on g 3 -the dominant quantity in relating the UV and IR values of the µ parameter. Indeed, this equation makes it explicit that the ratio µ(t Z )/µ(0), which is one of the most crucial factors (together with the gluino mass) that determine the amount of fine-tuning needed to achieve the correct value of the Z boson mass, is entirely determined by the interplay between the IR and UV behaviors of the rigid parameters. In particular, (4) suggests that µ(t Z )/µ(0) decreases with increasing tan β: µ(t Z )/µ(0) ≃ 0.96 for tan β = 5 and µ(t Z )/µ(0) ≃ 0.3 for tan β = 60 if Q 0 stands for the scale of gauge coupling unification M GU T = 1.6 × 10 16 GeV. Indeed, this ratio is governed mainly by g 3 at low tan β and by g 3 , h b and h τ for tan β ∼ m t /m b . Therefore, the sensitivity of M Z to µ(0) is greatly reduced at large tan β which itself requires a great deal of fine-tuning to achieve though [11] (see [12] for a discussion of the fine-tuning problems in large tan β domain when radiative corrections to Higgs potential are taken into account). The two-loop effects, which entirely disrupt the invariance of (3), give no more than 2-3 % contribution -an effect likely to get embodied in the experimental error bars. On the other hand, once the flavor mixings in Yukawa matrices are switched on there is no obvious invariant like (3) even at one loop order.
An obvious by-product of the invariant I 1 is that the phase of the µ parameter is an RG invariant; its measurement at Q = M Z automatically determines its UV value. This property, which persists even at two loop level, exhibits no sensitivity to the phases contained in the Yukawa matrices.
We continue our analysis with the construction of the RG invariants of the soft parameters of the theory. Of this sector, a well-known RG invariant is the ratio of the gaugino masses to fine structure constants
with one-loop accuracy. This very invariant guarantees that
so that knowing two of the gaugino masses at Q = M Z suffices to know the third -an important aspect to check directly the minimality of the gauge structure using the experimental data. The invariant (5) pertains solely to the gauge sector of the theory; it is completely immune to non-gauge parameters. At two loops I 2 is no longer an invariant; it is determined by a linear combination of gaugino masses and trilinear couplings. Combining (4) and (6) one concludes that the chargino and neutralino sectors of the theory are connected to the UV scale via the gauge and Yukawa couplings alone. The equation (6) suggests
0) due to asymptotic freedom, and these coefficients stand still whatever happens in the sfermion and Higgs sectors of the theory.
A by-product of the invariant (5) is that the phases of the gaugino masses are RG invariants (like that of the µ parameter). However, this is correct only at one-loop level; at two loops the phases of the trilinear couplings disturb the relation between IR and UV phases of the gaugino masses.
The next invariant of the soft-breaking sector concerns the B parameter, trilinear couplings and the gaugino masses. Indeed,
is a one-loop RG invariant. The identity of the coefficients herein to the powers of Yukawa and gauge couplings in (3) follows from the fact that this invariant can be derived from (3) using the spurion formalism [8] . Using (7) one can express one of the parameters, say B(t), in terms of the others
after using (6) . This equation expresses the IR value of the B parameter in terms of the IR and UV values of the gaugino masses and trilinear couplings. The RGE of the B parameter does not depend on the gluino mass explicitly (the dependence comes through the trilinear couplings); however, (8) exhibits a rather strong dependence on M 3 (0): for Q = M Z and Q 0 = M GU T the gluino contribution equals 2.6M 3 (0). This very fact proves the power of forming RG invariant observables as they make indirect effects manifest. In similarity to its rigid analog (3), the invariant I 3 enhances the effects of the gluino mass and suppresses, though maybe mildly, those of A t,b,τ , M 1,2 . In fact, to lowest order accuracy, one might approximate (8) by B(t Z ) ≃ B 0 + 2.6M 3 (0). There is no obvious invariant like (7) at higher loop orders and when the flavor structures of rigid and soft parameters are switched on. It is clear from (8) that the phase of the B parameter is not an RG invariant; its phase at the IR scale is a mixture of its original phase and those of the trilinear couplings and gaugino masses.
Having completed the discussion of the rigid and dimension-one soft parameters of the theory, we now start analyzing the scalar mass-squareds. Obviously, the MSSM must be completely anomaly-free for self-consistency. In particular, the gravitational anomaly with one hypercharge gauge boson
must identically vanish, and this would be the case if the soft mass-squareds are all universal at some scale since then Tr [m
Indeed, as the explicit solution
also suggests, S(t) vanishes at all scales if it does at Q = Q 0 . That the universality of the soft mass-squareds,
renders theory anomaly-free is important in that anomaly arguments force soft mass-squareds to exhibit a particular pattern. This universality constraint, when supplemented by A t (0) = A b (0) = A τ (0) = A 0 and M 3 (0) = M 2 (0) = M 1 (0) = M, leads one to the minimal supergravity configuration. In general, the RG-invariant combinations of the scalar masses can be divided into two distinct classes:
1. The ones that suffer from the gravitational anomaly. Some examples are
2. The ones which are insensitive to the anomaly term. Some examples are
Clearly, one can construct new invariants by combining the ones in (12) and (13) or by examining the RGEs further. It is worthy of noting that, the anomaly term S enters the RGEs via g 2 1 S which is a rather small contribution at scales sufficiently below M GU T ; however, the same quantity enters (12) with no g 2 1 suppression and thus S is as important as the rest of the terms in each anomalous invariant. Furthermore, all the invariants contained in (12) and (13) involve only the scalar and gaugino masses, that is, they do not possess any explicit dependence on the rigid parameters and trilinear couplings; this whole buch of parameters are embedded in the scalar mass-squareds. Notably, there are no obvious invariants like (12) and (13) at higher loop orders or when the flavor mixings are switched on.
The invariants (12) and (13) are highly important for sparticle spectroscopy [13] in that they provide scale-invariant correlations among various sparticle masses. Using them one can (i) test the internal consistency of the model while fitting to the experimental data; (ii) rehabilitate poorly known parameters supplementing the well-measured ones; (iii) determine what kind of supersymmetry breaking mechanism is realized in Nature; and finally (iv) separately examine the UV scale configurations of the trilinear couplings as they do not explicitly contribute to the invariants. In what follows we will discuss these aspects by examining some of the invariants.
The observables in (13) are RG-invariant whether the model is anomalous or not. Consider, for instance, I 8 which gives rise to the relation
(0) and it reduces to −2m 2 0 if the universality relations in (11) hold. As in (8) , the effects of the gaugino masses are highly pronounced due to the presence of the gluino mass. Indeed, by taking Q 0 = M GU T and Q = M Z the gaugino contributions take the form −19M 3 (0) 2 −0.97M 2 (0) 2 +0.03M 1 (0) 2 whose sensitivity to SU(2) L and U(1) Y gauginos is particularly weak. The presence of the rather large coefficient in front of M 3 (0) 2 implies that the Higgs sector is highly sensitive to the gluino mass and thus the stabilization of the electroweak sector against a heavy gluino can require an unacceptably large fine-tuning of the UV/IR parameters. Rather generically, the invariants involving the gluino mass, like (8) , exhibit a pronounced sensitivity to M 3 (0) due to the asymptotic freedom of the strong interactions.
We now turn to a discussion of the observables listed in (12) . For illustration, consider first I 7 which yields the relation
if the theory is anomaly-free in which case there remains no trace of the UV scale common scalar mass m 0 . This equality provides a relation between the stop and sbottom masses right at the scale of measurement involving though both IR and UV values of the gaugino masses. Despite this, however, its shows that t L -t R plus b L -b R mass splittings are entirely controlled by the isospin and hypercharge gaugino masses rather than the gluino mass. This is an important aspect as it significantly reduces the sensitivity to the UV scale gaugino masses. Indeed, by taking Q = M Z and Q 0 = M GU T the right-hand side of (15 takes the form −0.97M 2 (0) 2 + 0.08M 1 (0) 2 which differs from (8) and (14) by the absence of M 3 (0). One possible application of (15) among many one can consider is that it establishes a relation between the stop and sbottom mixing angles
where we took cos 2β ≃ −1 in accord with the LEP bounds. This simple formula may serve as a constraint in simulating the supersymmetric parameter space as the experimental data accumulate. So far we have assumed that the theory is anomaly-free. What if it is not? In this case the left hand side of (15) goes over to (2/13)(m
, and the right-hand side gets modified by the UV scale values of the mass-squared parameters. The resulting relations, though still useful for constraining the parameter space, are not simple enough to lead relations like (16) .
Consider now the anomalous invariant I 5 which gives rise to
if the MSSM is anomaly-free i.e. if the universality conditions (11) are satisfied. This relation, like (14) and (8), involves the gluino mass, and it is thus highly sensitive to M 3 (0). This pronounced sensitivity to M 3 (0) poses a serious fine-tuning problem (see [14] for discussions of the MSSM fine-tuning problem within various supersymmetry breaking schemes) in that m 2 Hu (t Z ), together with |µ(t Z )| 2 , is the dominant parameter that fixes the scale of electroweak breaking. Indeed, the minimization of the tree-level Higgs potential gives
after using (17) and taking tan β sufficiently large. This expression for the Z boson mass is, at the present stage of experimental exploration, the only tool that directly relates experimental data to the soft-breaking parameters. Clearly, its highest sensitivity is to M 3 (0) 2 since e.g. a 1% change in M 3 (0)
2 causes a 10% change in M 2 Z . Therefore, for stabilizing the electroweak scale against such deviations in the data one must finely balance the large coefficient in front of M 3 (0) 2 with other model parameters. This fine-tuning problem can be avoided either by cancelling the contributions of different terms or by choosing each soft term sufficiently small [14] . The former is difficult to realize as each UV parameter originates from physically distinct sources. The latter is prohibited by the collider bounds on sparticle masses, e.g. M 3 (t Z ) > ∼ 300 GeV and m h > ∼ 115 GeV.
Here we want to discuss (18) in light of certain RG invariants so as to provide a slightly different approach to the problem. Clearly, any route to an understanding of the amount of fine-tuning in (18) must first define how m 2 t R (t Z ) and µ(t Z ) depend on the UV parameters. The dependence of the latter can be read off from (4) and that of the former requires a detailed knowledge of if and how the trilinear couplings and the gaugino masses are related. Indeed, A t,b,τ (0) and M 1,2,3 (0) may or may not be related, and even if they are it does not need to be in the way which reduces the fine-tuning. For instance, in certain string vacua, at least in dilaton domination [15] , A t,b,τ (0) ∝ M 1,2,3 (0) but this proportionality does not lead to any softening of the sensitivity of M Z to M 3 (0) [14] . In spite of this, however, it might be still useful to discuss how A t,b,τ (0) and M 1,2,3 (0) are to be related so as to moderate the amount of fine-tuning. Obviously, unless it is dictated by a symmetry principle, any choice of parameters, however suggestive it might be, should be regarded either as some generalization of the soft mass patterns in [15] or as some empirical method that can shed light on how to construct phenomenologically viable models. With these reservations in mind, here is the parameter space we explore:
• For making the ratio |µ(t Z )/µ(0)| sufficiently small we dwell in large tan β domain of the parameter space.
• For definiteness and simplicity only, we take M 3 (0) = M 2 (0) = M 1 (0) = M and A t (0) = A τ (0) = A 0 . Furthermore, inspired from [15] , we set A 0 = −M.
• For the remaining parameter A b (0) we make use of the invariant I 3 . We take, with no symmetry reason at all, I 3 = 0 and solve for A b (0). This relates A b (0) to M and B(0) in a linear way.
To see the implications of this parameter region, let us take m t (M Z ) = 170 GeV, tan β = 60 and B(0) = −4M. Then one-loop RG running [7] gives |µ(t Z )/µ(0)| = 0.29 and m
where, for completeness, we also provide the values of the remaining parameters:
so that b R is the lightest sfermion. One notes that, though (19) depends on M 2 weakly, the sensitivities of m 
whose sensitivity to M 2 is indeed five times stronger than in (19). Hence, the parameter region proposed above induces a significant reduction in the coefficient of M 3 (0) 2 in (18). However, as emphasized above, this is not a solution to the MSSM fine-tuning problem as long as (i) why A b (0) must be a solution of I 3 = 0 with B(0) = −4M and (ii) why large tan β domain must be preferred remain unanswered. Indeed, one might determine the appropriate values of A b (0) and tan β by a numerical sampling of the parameter space as well, and find precisely the numbers we found. The reason is that, we do not have a symmetry argument for enforcing tan β ≃ m t /m b and I 3 to be a vanishing RG invariant. Therefore, what one might conclude from a comparison of (19) and (21) is that, the UV scale organizing principle that tends to reduce the fine-tuning in M The RG invariants (7) (8) (9) (10) (11) (12) (13) exhibit predictive patterns for a given supersymmetry breaking scheme. Indeed, may it be useful or not for moderating the fine-tuning problem, the mechanism which breaks the supersymmetry imposes certain constraints on the UV scale soft-breaking operators which in turn impose testable correlations among the invariants. In no-scale supergravity models [16] , for instance, the common gaugino mass M is the sole origin of supersymmetry breaking because A 0 = B(0) = m 0 = 0. Hence, all invariants I 3 . . . Consequently, if one single invariant is measured then all are done, and in case the experimental data prefer a certain correlation pattern among the invariants then the corresponding UV scale model is preferred. In this sense, rendering unnecessary the RG running of individual sparticle masses up to the messenger scale, the invariants speed up the determination of what kind of supersymmetry breaking mechanism is realized in Nature.
In this work we have presented a list of RG invariant observables composed of rigid and soft parameters of the MSSM. The invariants turn out to be highly useful in making otherwise indirect relations among the parameters manifest. Moreover, they serve as efficient tools for performing fast consistency checks via the sum rules like (16) , for deriving poorly known parameters from known ones in course of fitting the model to experimental data, and for probing the mechanism that breaks the supersymmetry. The discussion of the MSSM finetuning problem illustrates one possible use of such invariants for reducing the sensitivity of the Z boson mass to soft masses. Though this very analysis involves unjustified assumptions it might be useful for building phenomenologically viable models.
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